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CHAPTER  I 
INTRODUCTION 

A  substance  having  three  mutually  perpendicular  planes 
of  elastic  syrtLmetry  is  said  to  be  orthotropic.   A  thin  plate 
of  uniform  thickness  taken  from  such  a  material  with  its 
plane  parallel  to  a  plane  of  elastic  symmetry  vlll  possess 
tvo  perpendicular  axes  of  elastic  symmetry  in  the  plane  of 
the  plate.  Such  a  plate  is  said  to  be  an  orthotropic  plate. 
In  this  dissertation,  a  large  rectangular  plate  of  this  type 
vith  its  ed^es  parallel  to  the  axes  of  symmetry  and  vith  a 
small  rigid  elliptic  disk  at  its  center  is  discussed.   A  uni- 
form tension  is  assumed  to  act  along  tvo  opposite  edges  of 
the  plate  and  a  mathematical  analysis  of  the  stress  distribu- 
tion near  the  elliptic  disk  is  given.   It  is  assumed  that 
the  strains  are  small  and  remain  within  the  limits  of  perfect 
elasticity;  that  is,  the  material  returns  to  its  initial 
shape  after  the  external  load  is  removed. 

It  is  veil  established  that  a  plain-sawn  or  a  quarter- 
sawn  board  can  be  considered  as  an  orthotropic  plate.   The 
position  of  a  plain-sawn  board  relative  to  the  log  from  which 
it  is  cut  is  illustrated  in  Figure  1.  Figure  2  illustrates 
the  position  of  a  quarter-sawn  board  relative  to  the  log  from 


PlgTjre  1, — Plain-savn  board  relative  to  the  log 
from  vhich  It  Is  cut. 


Figure  2. — Quarter- savn  board  relative  to  the  log 
from  vhich  It  is  cut. 


vhich  it  is  cut.   The  problem  presented  here  la  the  mathe- 
matical idealization  of  the  problem  of  a  vooden  plate  pierced 
by  an  elliptic  steel  rod  or,  say,  a  vooden  plate  containing 
an  elliptic  knot. 

It  is  desired  to  locate  the  points  of  stress  concentra- 
tion; that  is,  those  points  at  vhich  the  ratio  of  the  stress 
at  the  point  to  the  normal  stress  at  infinity  is  large  con- 
pared  to  the  ratio  for  other  points  in  the  plane.   For  a 
vooden  plate,  shearing  stresses  are  probably  most  important 
in  producing  failure  in  the  plate.  Formulas  for  these  ratios 
at  any  point  on  the  boundary  of  and  exterior  to  the  rigid 
elliptic  disk  are  obtained. 

For  the  problem  of  a  homogeneous  orthotropic  plate,  in 
other  vords,  a  plate  containing  no  holes  or  inserted  disks, 
vith  the  exterior  bo\indary  conditions  given  above  the  ratio 
of  the  shear  stresses  (in  the  directions  perpendicular  and 
parallel  to  the  direction  of  applied  tension)  at  any  point 
to  the  normal  stress  at  infinity  equals  zero.   The  ratio  of 
the  normal  stress  (in  the  direction  perpendicular  to  the  di- 
rectlon  of  the  applied  tension)  at  any  point  to  the  normal 
stress  at  infinity  equals  zero.   The  ratio  of  the  normal 
stress  (in  the  direction  of  the  applied  tension)  at  any  point 
to  the  normal  stress  at  infinity  equals  one.   These  ratios 
are  constant  for  all  points  and  there  are  no  points  of  stress 
concentration. 


A  plate  containing  a  hole  or  a  rigid  elliptic  disk  is 
non-homogeneous  and  points  of  stress  concentration  occur. 
Professor  C.  B.  Sralth^  has  solved  the  problem  with  tfce  ex- 
terior boundary  conditions  given  above  for  an  infinite  rec- 
tangular orthotropic  plate  containing  at  its  centpr  an  ellip- 
tic hole.   By  taking  the  major  and  minor  axes  equal,  the  solu- 
tion for  a  circular  hole  was  obtainea.   For  a  plaln-sa\;n 
plate  of  Sitka  spruce  containing  a  circular  hole,  a  maximum 
tensile  stress  of  f.3^S  occurred  on  the  odrre  of  thp  holr-  at 
the  ends  of  the  diameter  perpendicular  to  the  direction  of 
uniform  tension.   S  is  the  uniform  tension  applied  in  the  di- 
rection of  the  grain  at  tvo  opposite  ed^/es.   The  maximum 
shear  stress  obtained  vas  0.71S. 

The  analysis  of  this  dissertation  applied  to  the  stress 
distribution  in  a  plain-savn  plate  of  Sitka  spruce  containing 
at  its  center  a  rigid  circular  disk  gives  a  maximum  tensile 
stress  and  a  maximum  sheer  stress  less  than  those  found  by 
Professor  Smith.   These  results  do  not  appear  unreasonable. 
We  vould  expect  to  weaken  a  wooden  plate  by  drilling  a  hole 
in  it.   Also  It  seems  reasonable  that  a  close  fitting  steel 
disk  in  the  hole  vould  strengthen  the  plate,  although  the  plate 
would  be  weaker  than  it  was  before  the  hole  was  drilled, 

^C.  B.  Smith,  Effect  of  Elliptic  or  Circular  Holes  on 
the  Stress  Distribution  in  Plates  of^  Wood  or  Pl^-vood  Consid- 
ered as  Orthotropic  Materials,  Forest  Products  Laboratory 
Report  TIo.  1510,  1944. 


This  dissertation  is  divided  into  fo\xr   chapters  and  an 
appendix.   In  Chapter  IT,  th«  er.act  solution  of  t^  ^-  r.tr-?;?  rls- 
tricutlon  in  an  Infinite  rectangular  orthotroplc  plate  contain- 
ing at  its  center  a  rljld  el]lrti?  disk  is  2-ven  for  the  plate 
in  a  state  of  plane  stress.   Ir  Chapter  III,  the  exact  solu- 
tion of  the  stress  distribution  in  ar,  infinite  rectangular 
orthotroplc  plate  containing;:  at  its  center  a  rl;l(?  elliptic 
disk  is  riven  for  the  plate  in  a  state  of  pi-aa;.-  yCj—iln.   In 
both  cases,  the  stress  function  obtained  for  the  orthotroplc 
plate  is  shown  to  contain  as  a  llr.it in£*  case  the  stress  func- 
tion for  the  isotropic  plate.   In  Chapt'^r  IV,  the  sjiuuion 
of  Chapter  II  is  applied  to  a  plain-savn  Sitka  spruce  plate. 
In  the  appendix  tables  of  constants  and  tables  of  tlie  stresses 
evaluated  at  cei-taln  points  are  given.   Jrapas  are  ai^so  ijiven 
shovine;  the  variation  of  the  stresses  along  the  axes  exterior 
to  the  rigid  disk  and  on  the  boundary  of  the  disk.   Probably 
of  more  practical  Importance  is  the  plate  containing  a  rl.jid 
circular  disk  rather  than  a  ri^^id  elliptic  disk.   In  the 
forner  case,  the  stresses  for  the  correspond In.^:  problem  in- 
volving an  isotropic  plate  are  plotted  or  the  -I'aphs  for  con- 
parison. 


CHAPTER  II 

THE  EXACT  SOLUTIOIJ  FOR  PLAKE  STRESS 

The  Mathematical  Formulation  of  the 
Boxindary  Conditions 

Choose  the  center  of  the  ellipse  as  the  oricln  of  the 
coordinate  system  as  shovn  in  Figure  3.   The  axes  of  tne  el- 
lipse are  taken  to  coincide  vith  the  coordinate  axes. 

The  boundary  conditions  may  be  stated  mathematically 
using  the  notation  of  A.  E.  H.  Love-^  as 

and  u(x,y)  =  v(x,y)  =  0  on  the  circumference  of  the  disk 
given  by  the  parametric  equations  x  z  a  cos  -e-  ,  y  ::  b  sin-e- 
The  displacements  in  the  x  and  y  directions  are  u(x,y)  and 
v(x,y),  respectively. 


■^A.  E.  H.  Love,  A  Treatise  on  the  Mathematical  Theory 
of  Elasticity  (Nev  York),  1944. 
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Figure  J. --Elliptic  Disk  in  an 
Orthotroplc  Plate. 
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The  Derivation  of  the  Differential  Equation 

for  an  Orthotropic  Plate  in  a 

State  of  Plane  Stress 

If  the  axes  of  elastic  Bjvmetv-j   are  taken  as  the  x,    y, 

and  z  axes,  the  conponents  of  stress  and  strain  are  related 

by  the  following  equations: 2 


(2) 


^^         tx  ty  E^ 

^^^^  ax  ^j^^y:,  ^^^ 

In  these  equations  Ey,  Ey,  and  Eg  are  Young's  moduli 
in  the  x,  y,  and  z  directions,  respectively.   The  syinbol  <r 
represents  Poisson's  ratio;  in  particular,  ^xy  is  the  ratio 
of  the  contraction  parallel  to  the  y-axis  to  the  extension 


^H.  W.  March,  Stress-Strain  Relations  in  Vood  and  Pl*:^- 
vood  Considered  as  Orthotropic  ITatcrlals,  Imprest  Products 
Laboratory  Report  No.  RI505,  February,  104^,  p.  2. 


parallel  to  the  r.-axls  assaciatec  vlth  a  tension  parallel  to 
the  x-axls.   Tlie  quantity  H     Is  the  modulus  of  rlfjidity;  In 
particular,  H  yy  -3  the  modul'jp  of  rijidlty  associated  vith 
the  cirections  of  x  and  y«   Tiic  cisplacements  in  trie  :■■.,  y, 
and  z  directions  are  u(x,y,z),  v(x,y,2;},  and  v(x,y,s),  re- 
spectively. 

The  problem:  here  is  a  cass  of  plane  r. tress;  t.iat  is,  a 
thin  plate  is  subjected  to  the  action  of  forces  applied  to 
the  boundary  acting  In  the  plane  of  the  platr  ai-r   r"-;  gtrlbuted 
uniforir:ly  over  the  thiclcness  of  the  plate.   Tlie  stress  compo- 
nents Zg,  2v,  and  Zy  are  zero  on  both  surfaces  of  the  plate; 
and  it  can  be  assuned  that  these  components  are  sero  throUjjh- 
out  the  plate.   The  dliriension  z  is  then  of  no  iniportance,  and 
this  dimension  will  be  considered  equal  to  unitj'-. 

For  the  assu:nptions  of  plane  stress,  equations  (1),  (2), 
and  (4)  reduce  to:^ 


Cry  -  ^ Six   -4-J-^ 

e^y- -^  4- AtL  -  J-  IT  . 


5ibid.,  p.  15. 


(7) 


(8) 


(9) 
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The  equations  of  equilibrium  for  plane  stress  are 


-^JLn    4-  A-  X  V  — 


"  +  f^^y  =  o>  (10) 


i^x^+xXy  =  o.  (11, 

The  equations  of  equilibrium  are  deduced  from  the  conditions 
of  static  equilibrl\im  with  no  reference  to  the  lavs  relating 
stresses  and  strains.  They  will  be  satisfied  by  a  stress  func- 
tion F(x,y)^such  that 

The  compatibility  equation  for  plane  stress. 


is  derived  using  the  concept  that  u(x,y)  and  v(x,y),  the  dis- 
placements in  the  X  and  y  direction,  are  single-valued  and 
continuous  (class  three). 

Equations  (12)  substituted  into  equations  (7),  (8),  and 
(9)  give 


Ex  ^y'       Ev    ^y^^ 


(14) 


^G.  B.  Airy,  Report  of  the  British  Association  for  the 
Advancement  of  Science,  1862. 


11 


'"     "  E,         ^y  Ey  ^X^' 


Combining  equatlcms   (13),    (1^),    (15),    and   (l6)   and  using 

Ey  Ex 

leads  to  the  differential  equation. 

Equation  (18)  may  be  revritten  as 
vhere 


k-   ^E«Ey  f_l 2(I7y  \ 


xy 

by  the  substitution 

6 


)?=^y; 


^March,  op.  clt,,  p.  7, 

6h.  W.  March,  Plat  Plates  of  Plywood  under  Uniforg  or  Con- 
centrated Loads,  Forest  i»roducts'  Laboratory  Report  TTo.  l'^12, 
March,  15^2,  p.  4o. 
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vhere 


4 


(22) 


The  General  Solution  of  the 
Differential  Equation 

Substituting  a  solution  of  the  form  F  Z   p(x-»-wtt)   in 
equation  (19)  leads  to  the  characteristic  equation 

V*+2K'V'-+l  =  Q,  (23) 

a  quadratic   In  \)^,    or 


v^^-\<±W^.  (2*) 

For  wood  n     as  defined  here   Is  probably  alvays  greater 
than  ij^ 

Let  fr^=    cosh     0  (25) 

then 

V^=  -  cosb  (P  ±  Vcosl,'0-/ 

=  -cosf)0±  sinfi0 

T^Sniith,    op«    cit,,   p,   5. 
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The  roots  of  equation  (23)  are 

vhere  1  -    ^ -1,  The  differential  equation  (19)  can  now  be 
written 

where 

K^=G*^  ,g'=  e-*  (27) 

since  ,       / 

=  2  K  (23) 

It  is  important  to  note  that 

l^,=  /|S  =  A\lK'-\)fr^-(  ^  (30) 

1*,^=  -A  ^.  (32) 


ih 


The  general  solution  Is 

F=  F,  (X+i.Kl7)  +  Fi(X-AKf?) 

The  stresses  obtained  from  this  stress  f\mction  must  be  real. 
It  vlll  be  shown  that  a  real  solution  can  be  obtained  from 
the  complex  solution.   Consider 

Rf  FCx+x^f?)} 

which  substituted  In  equation  (19)  gives 
where  the  symbol 

R{     } 

denotes  the  real  part  of  the  quantity  enclosed  in  the  bracket. 
Equation  (3^)  is  satisfied  by  virtue  of  equations  (23)  and 
(29),  Similar  results  are  obtained  with  Fg,  F-x,,    and  Fi^. 
Since 

R[f(?)]=Rf-f(?)'}, 

It  follows  that  a  real  solution  of  the  differential  equa- 
tion (19)  is 

R[f}  =  R{F-(x+xKn)+F^(x+A^/?)],      (35) 

where 
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Fn  =  F,-i-i\        and   f^  a  =  F3  "^  f^ . 

The  Stresses  Obtained  fi'otn  the 
Stress  Fxinction 

Some  vork  of  Professor  I.  S,  Sokolnlkoff^on  problems 
using  Isotropic  material  suggested  the  general  form  of  the 
stress  function.   In  the  solution  of  the  isotropic  prob- 
lems, a  function  of  one  complex  variable  is  used.  How- 
ever, in  the  orthotropio  case,  a  function  of  tvo  complex 
variables  is  used.  Several  functions  of  tvo  complex 
variables  vhich  satisfied  the  differential  equation  but 
did  not  satisfy  the  boundary  conditions  vere  triecj.  A 
suitable  function  given  by  Professor  C,  B.  Smith^,  except 
here  the  constants  are  complex,  is 


F  =  ^{^\i  (2rW,H  %'JU  (^,+wf\ 


vhere 

A-A.  +  xAa,  B=B,+aBj,  (37) 

^I,  S.  Sokolnikoff,  Mathematical  Theory  of  Elasticity 
(Providence,  Rhode  Island),  1941,  chap.  v. 

°Smith,  op.  cit.,  p.  6. 
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W,  =  \f2F>^,   W;,  =  \l2i'-Y.",         (39) 

The  botindary  of  the  disk  is  given  by 

S  Is  the  uniform  tension  applied  at  the  ends  of  the  plate. 
In  order  that  the  stresses  may  be  single- valued,  the 
square  roots  In  equation  (39)  are  "to  be  chosen  so  that  the 
inequalities 

IZ,  +  VVl?U|        and       l?,+  \A41S|ya  (42) 

are  satisfied.   These  inequalities  will  be  discussed  fur- 
ther after  the  stresses  are  obtained. 

The  method  used  In  deriving  equation  (19)  establishes 
that  any  function  satisfying  equation  (19)  satisfies  the 
equilibrixim  equations  (10)  and  ^1)   and  the  compatibility 
equation  (13).  A  solution  for  the  problem  must 

(a)  satisfy  the  differential  equation  (19); 

(b)  satisfy  the  exterior  boundary  conditions 


x.,i 


■±:oO 


=  0,        Xy|,_^«=0; 


17 


(c)  satisfy  the  Interior  boundary  conditions;  that  is,  the 
displacements  u  and  v  are  zero  along  the  boundary  of  the  disk 

The  following  formulas  vill  be  found  useful  throughout 
this  dissertation, 

ix        ^jj  ^y      iZa 
i^H^ii  _  i±  iii  ^  X  K  i± 


It  follows  that 


(^'^^^(>-^)+y.^ 


2,  +  W,_ 


i- 


B 


IVz 


(^^-vvj(i-^Uy,^I± 


^ai-^a  _ 


(4^) 


(^4) 
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From  equations    (^5)   and    (39) 


-nf       A  .  B     .1 


Equations    (46)  and   (12)   lead   to 


(16) 


By  equations    (12),    (21),    and    (43) 

+  S  (te) 

and 


(^9) 
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may  be  written  iimnedlately. 

The  stress  equations  (47),  (43),  and  {kg)   contain  mul- 
tiple valued  expressions  of  the  form 

'         and     ' 


Yx     s^<^    0  2  defined  by  equation  (4o)  may  be  positive  or 

negative,  depending  upon  the  orthotroplc  material,  orienta- 

V  2 

tion  of  the  axes,  and  the  values  of  a  and  b.  Assume  J  ^ 

P  o 

is  less  than  zero,  say  o^.  equals  -c  .  Define 

W=Z,+w,  =2,±V2,'-¥c\  (50) 

The  branch  points  of  the  function  W  are  ±ic,  A  straight 
line  connecting  the  points  -*-ic  smd  -ic  may  be  taken  as  the 
branch- cut.   The  branch- cut  in  the  Z^^-plane  can  be  mapped 
onto  the  V-plane  in  the  folloving  manner. 
Define 

X,  =X=0   and   X  =K^y. 

Then 


vhere 


Hence 


|y,uici. 


u  =  ±U^-y,' ,  v  =  y, 

and  u2  H-  v^  z  c^  is  a  circle  vith  center  at  the  origin  of 
the  V-plane  and  radius    |c|  . 
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The   Inequality 

IW(  =  |S,-|-vVU|c|  =  |Y,|, 

relation  (42)  given  before,  restricts  the  variable  Z^   from 
follovlng  a  path  crossing  the  branch-cut  and  determines  vhich 
value  to  assign  W.  Hence,  by  means  of  the  function  W,  subject 
to  the  relation  (42),  the  entire  Z^^-plane  vith  the  exception  of 
the  branch-cut  maps  into  the  region  of  the  W-plane  exterior  to 
the  circle 

w-  IV,I  e^^ 

If  ^2.     i3  greater  than  zero,  it  can  be  shown  that  the 
function  W  has  the  branch  points  -AiY ■^,     A  straight  line  con- 
necting the  points  "i-Yi  and  -  V^  in  the  Z^-plane  may  be  taken 
as  the  branch-cut.  Here  again,  by  means  of  the  function  ¥, 
subject  to  the  relation  (42),  the  entire  Z^-plane  with  the  ex- 
ception of  the  branch-cut  maps  into  the  region  of  the  W-plane 
exterior  to  the  circle 

Similarly  for  the  expression  with  the  subscript  2. 

The  stresses  at  any  point  of  the  plate  except  those  in- 
terior points  of  the  elliptic  disk  are  given  by  the  equations 
(47),  (48),  and  (49).  The  values  of  the  radicals  defined  in 
equations  (39)  a^e  determined  for  the  point  by  the  inequalities 
(^2). 
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The  Exterior  Boundary 
Conditions  Satisfied 

It  vlll  be  shovn  that  the  exterior  boundary  conditions 
are  satisfied  for  any  finite  value  of  the  complex  constants 
A  and  B.   These  constants  are  uniquely  determined  by  the  con- 
dition that  the  displacements  are  zero  on  the  boundary  of  the 
rigid  elliptic  disk. 

In  the  previous  section  It  vas  shovn  that  the  function 
W  =  Z]i  -f  V;j^,  subject  to  the  relation  (42),  maps  the  entire  Zy 
plane  with  the  exception  of  the  branch-cut  Into  the  W-plane 
exterior  to  the  circle 


w^lKle 


A-^ 


It  also  follovs  that  the  point  Z^^  z  oo   maps  into  the  point 
WzZ3_-*-V]^roo.   Zn^roo  for  the  edi:^es  of  the  plate  x  r  ±  oo  , 
Similar  results  are  obtained  vith  the  terms  of  subscript  2. 

It  follovs  from  the  above  remarks  and  equations  (4G)  and 
(49)  that  on  the  tvo  edges  x  -  ^  oo 


X 


and 


=  R[o-i-o]+S=S 

=  r[  04- o]  =0. 


These  last  tvo  expressions  are  the  exterior  boundary  conditions 
for  the  edges  x  zi:0O, 
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Also  Z]^  =  o°  for  the  edges  of  the  plate  y  =±  <5o  ,  Again 
V  =  2:2+ W]^  =  00  evaluated  along  the  edges  of  the  plate  j  -±00 
Similar  results  are  obtained  with  the  terras  of  subscript  2. 

It  follovs  from  these  remarks  and  equations  (47)  and  (49) 
that  along  the  edge  of  the  plate  perpendicular  to  the  y-axls 


X. 


and 


These  last  tvo  expressions  are  the  exterior  boundary  condi- 
tions for  the  edges  y  =  ±  00 , 

The  Derivation  of  the  Displace- 
ments u  and  V 

Substitution  of  the  stresses  given  by  equations  (47)  and 

(48)  Into  equation  (7)  leads  to 


+  B[^*ftl^CgSTS«} 


-^4"  (51) 
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Integrating, 


"-Ai^ -f-I-^h^m- ^] 


+  -S^-t-u.(y)  (52) 


U+wJ]  ■    Ex 

vhere  UoCy)  is  an  arbitrary  function  and  will  "be  shovn  to  be 


Identically  zero. 

Substitution  of  the  stresses  given  by  equations  (47)  and 
(48)  Into  equation  (8)  leads  to 


-ey^  =  R[A[-^H-  ^  |/']w.(i,+\^!) 


iv 


SS7y 

Ex 


(53) 


Integrating, 
V 


vhere  Vo(x)  is  an  arbitrary  function  and  will  be  shown  to  be 
identically  zero. 
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It  follows  from  equations  (52)  and  (17)  that 


where 


U,-    p       ^<3    9,a=      c     '  (56) 

From  equations  (53)  and  (17),  ve  have 

+  Vo(X)  (57) 


where 


Substitution  of  the  derivatives  obtained  frora  equations 
(55)  and  (57)  as  required  by  equation  (9)  leads  to 


_    9:..  A 9„  B  I'} 

+H«y(^^°(y^+4v.(X))  (59) 
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Nov 


H,,(/^^9.,-^^)  =  ^^..(- 


xlxv-^i■»<fca7y 

It  follovs  from  equation  (22)  that 
hence 


The  relation 


07,  = -|i  or,  = -^ 


(61) 


_  l±f^'].  (6.) 


26 


is  obtained  fron  equations  (17)  and  (22). 
Hence, 


.,  p<  t 


P(^6^j. 


From  equation   (27),   ve  ha\'e 

kY=  I. 

Then 


=    ^C.(^' :   ^  ^  (>^^fc'+  PV  +  2  Or;j.  (64) 


Equations  (20)  and  (22)  combine  to  give 


7  h<-  VE'^Ey ^^  -  (65) 


or 
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and  substituting  from  equation  (28),  equation  (66)  is 


6 


(67) 


Equation  (6h)   by  use  of  the  results  of  equation  (67)  reduces 
to 


/^»,(i^e9„-^)=^|f^=  aP<6        (68) 

In  an  analogous  manner,  it  follovs  that 

^x(xpe9..-^)=>^e-  (69) 

Equations  (68)  and  (69)  substituted  into  equations  (60)  reduces 
it  to 

X  -  of  AX£A      ,    k^eb ■) 

^^  ~  ^l  W.(2,+\V,)  ^  Waft,+W,)  J 

It  is  seen  by  direct  comparison  of  equations  (49)  and 
(70)  that  the  above  value  for  the  shear  and  the  shear  obtain- 
ed- from  the  stress  function  are  equal  if  and  only  if 
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but 

hence 

dY   ^  dx        •  "^ 

Now  QUQ/dy  is  a  function  of  y  alone,  and  dVg/dx  is  a  function 
Of  X  alone.   It  follovs  that 


C 


I^=J?      and       dv^  =  -Je 


vhere^  is  an  arbitrary  constant. 
Integrating, 

Vo^Jky-^nm        and       Vo=-J?X-+-/n 

vhere  m  and  n  are  arbitrary  constants.   But  m  i  n  r  0   since 
the  displacements  are  zero  along  the  boundary  of  the  rigid 
elliptic  disk  for  all  values  of  -&- .      Further,  the  plate  is 
symmetrical  about  the  x-axis,  and  the  stresses  are  applied 
symmetrically;  therefore,  the  displacements  must  be  symmetri- 
cal with  respect  to  the  x-axis.   This  is  expressed  mathematical- 
ly by  requiring  ^^(y)  to  be  an  even  function.   It  follows  then 
that  Jk  must  be  zero.  The  arbitrary  function  Uo(y)  is  identical- 
ly zero. 

By  a  similar  argument,  it  can  be  shown  that  the  arbitrary 
function  VqCx)  is  also  identically  zero. 
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A  and  B  Determined  from  the  Interior 
Boundary  Conditions 

The  folloving  quantities  are  evaluated  on  the  boundary 

of  the  rigid  elliptic  disk..^^ 

W,  =  p<v  e  b  COS  -e-  -h  >i  a  sm  -e-  (73) 

%-  Pebc OS -e-i-xas in -^  (7^) 

?^^U/,  =  (a  +  K6b)e'^  (75) 

2^4-V\4^(a-h^6b)  e'^  (76) 

Substitution  of  the  equations  (75)  and  (76)  into  equation 
(52),  recalling  that  UQ(y)  is  Identically  zero  and  that  the 
displacements  on  the  boundary  of  the  rigid  disk  are  zero,  gives 

_/-A 


(77) 


^-A,     r^V  I  (J7.1  I     -B.    rfe^/3^  ,    (r7x'] 
a+K€bLEx  ■*■  £xJ     'i+^^bL  Ex   ■*"     eJ 


^■^Smith,    op.   cit.,    p.   7. 
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b[f +f3)^"'*=°- 


+'55|j^''^+^*^''"'*"=°-  "" 


Since   u  =  0   for  0    =-&■  ~   21T ,    It   follows   that 

a+KtbL  Fx         eJ"^  a-i-pebL  Ex        EyJ 


and 


S7'-f-]  +  ^.[^  +  f->°-    '■" 


a-+P<€bLEx  ty. 

Revrltlng  equation  (79)  with  the  use  of  equation  (17),  It 
becomes 

Substitution  of  the  equations  (75)  and  (76)  Into  equa- 
tion (5^),  recalling  that  Vq(x)  is  identically  zero  and 
that  the  displacements  on  the  boundary  of  the  rigid  disk  are 
zero,  gives 


^~ '^{'^LTv'^HSp^efchKtW 


^.^0^-i         :   o-'^^ 


^SbSin^-=:0  (82) 

tx 


4 


-Ar     Ti  .  \^^e(i7Y^ .  r    -  a 


li^'^yh 


(85) 

y 

Since  v  =  o  for  o    4-e- 4  CTT,  it  follovs  that 


and. 
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With  the  use  of  equation  (17),  equation  (84)  may  be  rewritten 
as 

Solving  equations  (8o)  and  (85)  simultaneously, 

A.=  B*=  0.  (87) 

Solving  equations  (8I)  and  (86)  simultaneously, 

or,  with  the  use  of  /K  i^  :  1  obtained  from  equations  (27), 

(08) 

and, 

tKe(a4-P6W  iS6(a-hpeb) 

or 
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The  equations  (8?),  (33),  (89),  and  (36)  lead  to  the 
stress  function 


''-'^w 


SAPi  (i-^^^pVO  -h  S  b(T7x  (6^^^+ci7y) 


^(a+P(£b) 


2Y; 


^(i^6'^'cj;;)-HSba;7(€VH-arv) 


6(a+p€b)    "J 


eCa^Peb) 


^(^,-w/+y'im  (2-.-hWa) 


(90) 


The  Isotropic  Stress  Function  as  the  Limiting 
Case  of  the  Orthotropic  Stress  Fionction 

It  is  desirable  to  shov  that  the  orthotropic  stress  func- 
tion contains  as  a  special  case  the  isotropic  stress  function 
for  a  z  b.   First,  set  6=1.   3y  virtue  of  equation  (22), 
E;^  =  Ey,"  but,  this  is  not  necessarily  so  for  every  orientation 
of  the  axes,  E-^   z  Ey  is  a  necessary  condition  for  the  iso- 
tropic solution,  but  it  is  not  a  sufficient  condition. 
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It  follovs  from  equation  (17)  that  ve  can  write 

^  yx  ~  ^  X  y  ^^  ^- 

By  virtue  of  the  above  remarks  and  equation  (4o),  the  stress 
function  (90)  sinplifies  to  the  expression 


^~\m^iW^iWfW+WsW^  l2(a-  Kb). 


L«<  ( K-'+crjd+PV)-  fiOH-  K'<r;{  r+(r)J  lz(a-pb). 

vhere  Z^^  =  x  -*-  i  c<y  and  Zg  =   x  -h  1  Py. 
Rewriting, 
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For  the  isotropic  case,  it  is  now  sufficient  that  <^ — ^•O; 
since,  by  equation  (23)  K'— ^1  and  equation  (19)  reduces  to  the 
hiharmonic  equation  for  the  isotrofjlc  case. 

The  following  limits  will  be  found  useful. 

\im    V<   -  It  171        Oa   =:  (X^  —  O  =  0 

lim  X  =  limP  -I 

If  (p   -   0,  the  bracketed  expression  of  equation  (92)  is  inde- 
terminate.  In  order  to  evaluate  the  indeterminate  expression, 
first  rewrite  equation  (92)  with  the  use  of  equations  (27). 
This  leads  to 


y(?,-Wf +r  J^(£+v\^))  -  (^^i^ 


56 


Sae'^CI+e^)+Sbr(e^+(r) 


jdi-WxHt  H^il^+w.) 


-\- 


sr 


z 


(93) 


where 


/  ^. 


Evaluating  by  differentiating  both  numerator  and  denominator 
with  respect  to ^ ,  it  follovs  that 


F-R1 


I 


u-v 


J 


aCa-e^'^t,)^ 


+  S  bcr<e"^+r)  /-W?,  -w,f -I-  V',^  i!/n  ( Z,+ W,) 


+— 


Z(a-e^W    ^ 


£a.e^(i+e"V)+Sae^''' 
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r  €'^j-Sb  (T  e 'j)u(j,-w,)Vr-^(i.+WJj 


+ 


/ 


/ 


i2(a-e"b) 


K.  .  .-i^. 


,-i«>. 


Sa  6*^0 +e"  cr)  4-  Sbcr(e 'i-q) 


V 


2,-u/!/;  *,^.  _ .  xg.e^y + e V 


ue  y- 


vw 


■) 


2(a-e-''V 


Sae  "'^(l  +  eV; -f-Sk(r(e^-(r) 


i    .a 


^fe-\W-hVx  i^(?,+w,)  -, 


\ 
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^e%^eV;+Sae"^'eV+sb(re^ 


\ 


/ 


[|(?,-W0V  )(lJlm  fe+W,)  j  -| 


'S a e   '(/ + eV;  +  S  b(r(e*+  r) 


.  -<k 


L^,e-%- 


tlii^ 


Wo. 


2-1 +  W: 


) 


+e1fi^(?.+Wa) 


^  2 


(94) 


?9 


vhere 

U  =  ^  t\^U<f)(.\  +  e-^cr)  -f-  ^^t\  I  +  e- V; 

+e*'ne*+cr)(-e-V) 

and 

Let  ^  r  0  and  equation  (9^)  takes  the  form 


-  Sb  (r)(-^  (?  -W)  +  V%.  (2  i-Wjj  +  P-^] 
(SaO  +  <r; +S  b  cr(  I  +  cry*f^(  X  y  - -^^) 


Jio 


+  ^-  (95) 

Equation  (95)  is  the  stresr.  function  for  the  effect  of  a 
rigid  elliptic  disk  on  the  stress  distribution  in  an  isotropic 
plate.   The  problem  of  a  circular  disk  is  the  special  case 
when  a  =  b.   On  setting  a  z  b,  parts  of  equation  (95)  become  in- 
determinate. However,  equation  (95)  may  be  evaluated  bj'-  succes- 
sive applications  of  L'Hospital's  rule,  that  is,  by  differentiat- 
ing both  numerator  and  denominator  with  respect  to  b,  remembering 
that 


It  is  suggested  that  the  underlined  terras  of  equation  (95)  be 
combined  before  using  L'Hospital's  rule.   The  method  is  then 
straightforward  and  for  bra  gives 

+Sa^( ,  +0-/^  +   Sc^^^J)^  +  Sy.^     (96) 

Since  constant  terns  do  not  appear  in  the  stresses  In  2Z  may 
be  written  as  In  Z.  Also, 

Ay=   ^7^  (97) 


kl 


and  noting  that  tvo  terms  of  c-cuation  (jo)    cancel,  -.-.a.^o.^ 
(9t)  reduces  to 

r-   JSii^cPa''    .    S(l-cr)(^  n   7.     S(l-f(r)a^gl 

+  ^'  (98) 

Equation  (98)  is  the  stress  function  for  the   effect  of  a 
ri/^id  circular  disk  on  the  stress  distribution  in  uj.  isotropic 
plate.   By  follovinjj  the  method  used  in  evaluating  the  constants 

A  and  3,  it  can  he  shovr.  that  u  :  v  z   0  on  the  boundar;;  of  the 
cJ.rcu_G.r  disk. 


CI-IAPTER  III 

THE  EXACT  SOLUTIOIT  FOR  PTAirp  STRAIN 

The  Derivation  of  the  Diffprpntial  Equation  for  an 
Orthotropic  Plate  in  a  State  of  Plane  Strain 

For  the  problem  of  plane  strain,  the  din'ersion  of  the  body 
in  the  z  direction  is  considered  lar^e,  and  the  body  is  loaded 
unifornly  in  the  z  direction  by  forces  which  act  perpendicular 
to  the  z-axis.   The  functions  describing  these  forces  are  not 
functions  of  z.   The  portion  of  the  body  at  a  distance  froir: 
the  ends  has  a  plane  deformation.   The  displacements  u  and  v 
are  not  function.",  cf  s  and  e^^  =  ■^^'  =  -• 

From  these  assumptions,  it  follcvs  that  equations  (1), 
(2),  and  (k)   becone 


e.«=7^  =  -g-(l-(J¥.aii)X, 


-^/ci7x+07xadXy  (95) 


Sy,  =  TV  =  -  -fK^^Tx  +a?y(i7.J2:, 


+  y(l-(Ii"y(J7^)X,  '^°°' 


Is 
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e"-Tx  +  iv  =  7^X,- 


Now, 


^y -_3ik,_Sk  =  .2iL     OTx  ^   J7y ,  ^ 


ta  ty  hx  ti  ty  tx 

It  follows  from  equations  (12),  (1J>),    (99),  (100),  (101), 
and  (102)  that 


^^F^ 


(105) 


Ex(l-(5iy(J7*)    c^y 


Let  If]  r  e  y  and 


Equation  (lOj)  may  nov  be  written 


£E,ok'J1L_   ,  i!F 


*+^K    ^rjirTTT^+^T^i^O  (105) 


where 


(106) 


^March,    Stress-Strain  Relations    In  Wood   and   TljvooC,    p.    'f. 


kk 


The  general  solution  of  equation  (105)  Is  equation  (35) 
vhere  £  and  n      are  defined  by  equation  (104)  and  ^   and  ^ 
are  defined  by  equations  (29)  and  (30)  with  K'    replacing  K   . 

A*  and  B'  Determined  from  the 
Interior  Boundary  Conditions  , 

The  boundary  conditions  for  the  problem  in  plane  strain 
are  the  same  as  those  of  the  problem  solved  in  Chapter  II  for 
plane  stress. 

A  suitable  stress  function  is  again  equation  (36)  vhere 
€  ,  »7  ,  PC  ,  p  ,  and  If  are  defined  in  the  preceding  section, 
and  the  constants  A*  :  A;|^'  -k-    iAo'  and  B'  r  B^'  4-  -i-Bg'  are 
primed  to  distinguish  them  from  the  constants  of  Chapter  II. 
This  nev  stress  function  is  designated  equation  (36').  Equa- 
tions (^7),  (48),  and  (kg)   vith  A  and  B  primed  are  designated 
equations  (4?'),  (48'),  and  (49'),  the  stresses  Yy,  X^,  and 
Xy,  respectively. 

The  result  of  substituting  equations  (4?')  and  (48')  into 
equation  (99)  and  integrating  with  respect  to  x  is 


fck]]+T:^'-^'^^^u,(V). 


(107) 
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Uo(y)»  ^rx  arbitrary  function  of  y,  is  identically  zero.  This 
can  be  shovn  in  a  manner  analogous  to  the  method  used  in  estab- 
lishing Uo(y)  =  0. 

Since  u  =  0  on  the  boxindary  of  the  rigid  elliptic  disk, 
the  result  of  substituting  from  equations  (75)  and  (76)  (^,^  , 
and  6  defined  as  in  Chapter  III)  is 

M-f-A,'     /KV(l-0I>g7»)        (77x+q7>q7,  \ 


_     B.'    (^<gV(i-qi.07»i  .  q;,.-KJr.q7»'\ 

a+^£bi         Ex  Ey        / 


^    E 


y 


r^'-^'^4""-[(^) 


V         F.  Ey        /■^la  +  pfcb/ 


y 


^(g  €  (i-(r;.qr.)  ^  q^x+ojxcr.n^in^^o.    (108) 

Since  u  :  0  for  0  - -^  =  21T,  it  follovs  that  the  terras  in 
the  square  brackets  may  be  equated  to  zero.  Equating  these  to 
zero  and  simplifying  by  virtue  of  equation  (102)  leads  to 

' L  oTxTb  J 

^  a'  rg'6^(i-qrxq7»)H-qry-t-a7»a7yi 


kS 


—  SaCl-(J^x07*)=0  (109) 

and       ■ 

a-hP<ebL  Ex  Ey         J 

a.-4-pebL  t;r  Ey        J 

The  result  of  substituting  equations  (47*)  and  (46') 
Into  equation  (100)  and  integrating  vith  respect  to  y  is 


-Y^((J7y  +  (J?y0r*)-(-\/oW.  (Ill) 

Vo(x),  an  arbitrary  function  of  x,  is  identically  zero.  This 

can  be  shovn  in  a  manner  analogous  to  the  nethod  used  in  estab- 
lishing Vo(x)  identically  zero. 

Since  V  =  0  on  the  boundary  of  the  rigid  elliptic  disk, 
the  result  of  substituting  from  equations  (75)  and  (76)  {^,  ^  , 
and  €  defined  as  in  Chapter  III)  is 

^-LKe(a+i^6b)l  E.  Ev       / 


47 


'2/:^/ 


Ex  Ev 


>V2l, 


^^(a7y+()7y(T7*.)_L.  /-0i"y(J72 


|Se(( 

.  .  C0S^  =  0.   (112) 

tx  ty    /J 

Since  V  =  0  for  0  =  "©'  =  2Tr ,  It  follovs  that  the  terms  in 
the  square  brackets  may  he  equated  to  zero,   Equatinf;  these 
to  zero  and  simplifying  by  virtue  of  equations  (102)  leads  to 


'L  MZ^TTTTb)  J 

+  S  k  07,  (cTTy -h  o^v  or*)  =  0 


(113) 


and 


-K€b)L 


p<^iXa7v-Kivcnr*) 


(-(TjiyCTT 


-^ 


§^(a+P 


WwL       e:         ^     EvJ""-' 


Ke(a  +  K.6b)L  Ex  '         Ey 


(3 


Solving  equations  (110)  and  (ll4)  simultaneously  gives 

/\^-  Dz  =0.  (115) 

Solving  equations  (109)  ^md  (11^)  simultaneously  ^ives 

A     I  Ah+Aii 

i    =         A      ^A  (116) 


and 


q'__  Bii    -f    B.X 


vnere 


r(S^e^cJ7x  (OTy  -»-  (J^Y  (TTi.)  4-  (J7y  ( I  -  CJ¥y(f7»)]  > 
^"-  ^L £(a4-oc£b)  '      j 

^V(i-a?xa7'*)-va7y-hcyr^cJ7^> 
B,,=^{i-aix(J7»)p€'07H((Jry-fa?y(j704-(5ryO-oiy^^^ 


^9 


B.z  =  S  b  a;x(  o^y-H  (Tiy  (J72)[p<  VO  -  (^x  (JT*) -^  ^r -^  07*  o^y] , 


and 


o      or{xV(rrx((r7y-Ky7y07^)4-a7y(i-(^ya7^n 

^"'  P L       €fa^-pVb)  J 

Equation  (36')  vlth  B^'  ,  32*,  aV  ,  and  Ag'  defined  by 
equations  (11S>),  (ll6),  and  (117)  Is  the  stress  function  giv- 
ing the  effect  of  a  rigid  elliptic  cylinder  on  the  stress  dis- 
tribution in  a  body  of  orthotroplc  material  in  a  state  of 
plane  strain. 

The  Isotropic  Stress  Function 
as  the  Limit ins  Case  of  the 
Orthotroplc  Stress  Function 

To  obtain  the  stress  f\inction  for  the  isotropic  cas.?, 

first  set   €  r  1,  and  allov  (^ »:^.   It  follovs  that 

F=  RrF_i_Jr/l*(r(i-O0+<r) 
'^   f^LLcrd+crfO-fDJLi  i 
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(^(^-wf-h((L-h^)JU(i-hW))(sa(rL{-(r'K\^(r) 


-^Sb(r\|^(d')[^^^^^).)[-^(^-\A/)V(a^-b^)JlU(^~^vvj 


/Sa(r(i-cr*Xl-^(r;H-5b(r\i-hr)^j(^^-^ 


Pf^(-- 


2xy  +  b^^  ■  (a^-b')/>LY  + 


W 


■h^{ 


\A/ 


2--f-W 


j 


-b'in(?+W))l]+-i^ 


(118) 


In  order  to  obtain  the  stress  function  for  a  rigid  circu- 
lar cylinder,  set  b  =  a.   Equation  (ll8)  evaluated  becomes 


+Sa'<r(n-(r/f-^ 


aY^  a- 


M] 


22- 


2  ' 


(119) 


*Jov, 


I  y=  5 — 2: 


and 


y  =  R[^(?2-2';] 


i;J- 


Equatlon  (119)  may  nov  be  vrltten,  dropping  a  constant  term 
which  does  not  appear  in  the  stresses. 


-  Kl- 


-H^^^  -  if  Z:  l--  (120) 


It  is  interesting  to  note  that  using  a  different  method 
Professor  I.  S.  Sokolnikoff^  obtained  this  same  stress  function. 


^Sokolnikoff,  op.  cit.,  chap.  v. 


CHAPTER  IV 


THE  PLAI^iE  STRESS  SOLUTION  APPLIED 
TO  A  SITKA  SPRUCE  PLATE 


The  results  of  Chapter  II  are  applied  to  a  large  plain- 
savn  rectangular  plate  of  Sitka  spruce  containing  a  rigid  el- 
liptic disk  at  its  center.   It  is  possible  to  apply  the  results 
to  a  large  finite  plate  since  the  stress  concentration  is  lo- 
calized near  the  rigid  disk.   The  stresses  approach  the  values 
of  the  stresses  at  infinity  at  a  distance  of  only  a  few  multi- 
ples of  the  major  axis  of  the  elliptic  disk.   Figure  4  illus- 
trates a  plaln-savn  vooden  plate  with  its  axes  of  symmetry. 
Here  the  x- and  y-axes  are  parallel  to  the  L  and  T  axes,  re- 
spectively.  The  origin  is  at  the  center  of  the  ellipse  vith 
the  axes  of  the  ellipse  coincident  vith  the  coordinate  axes 
(see  Figure  3). 

The  stresses  at  any  point  in  the  plate  are  given  by  equa- 
tions (47),  (48),  and  (49)  vhere  A  equal  A]_  is  given  by  equa- 
tion (83)  and  B  equal  Bj^  is  given  by  equation  (89). 

Shear  stresses  are  probably  most  Important  in  producing 
failure  in  a  vooden  plate.   For  this  reason  a  formula  for  the 
shear  stress  along  the  boundary  of  the  rigid  disk  is  useful. 
The  shear  stress  given  by  equation  (49)  evaluated  on  the 
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ii 


Figure  k. — Plain-savn  vooden  plate  with 
axes  of  elastic  syiumetry. 


5^ 


iDOUiiuary  of  the  rlcid  dlslr  reduces  vith  the  use   of  equations 
(73),    (7^),    (75),   and   (76)   to 

X  1      =    K€A,  sin-0-cos~e- 


ioi-e-i  -^ 


I     ^6 B/  sin-e-  cos*^ 


a  Sin  -©- 

vhere  A]^  and  B^  are  determined  by  equations  (88)  and  (89), 

« 

For  a  ratio  of  a  to  "b  equal  to  or  greater  than  one,  the 
normal  stress  X^^  has  a  rtilatively  hi^h  value  at  the  point 
(a,  0).   From  equations  {kc),    (38),  and  (89),  we  have 


X, 


«  =  a  -  p; +S  (122) 


where 


The  values  of  E-j^,  Er^,  ^J^m,  and  f^  u^,    that  is,  E,.,  E^^, 
(r^„,  and  ^  y^y,   respectively,  for  Sitka  spruce  are  tabulated 
in  Table  1.-^  We  obtain  (TT.^  from  equation  (17).   In  addition, 
S,  a,  b,  6  ^  C<  ,  and  ^  are  required  to  obtain  the  value  of 

•^All  tables  and  f injures  (except  Pic;ures  5  and  ^)  mention- 
ed in  this  chapter  are  crouped  in  the  Appendix. 


55 


A]^  and  B^.  S  is  the  uniform  tension  applied  in  the  direction 
of  the  grain,  and  a  and  b  determine  the  ellipse.   The  values  of 
tx,  P  ,  and  €  are  computed  by  means  of  equations  (20),  (29), 
(30),  and  (22).  Constants  evaluated  for  Sitka  spruce  occurring 
in  the  expressions  for  A^^  and  B^^  are  tabulated  in  Table  II. 
Values  of  A^  and  Bi   for  several  ratios  of  a  to  b  are  given  in 
Table  III. 

The  ratios  of  the  stresses  computed  for  various  points 
in  a  plate  containing  a  rigid  circular  disk  to  the  normal  stress 
at  infinity  are  given  in  Tables  IV  to  VII.  These  ratios  and 
the  ratios  computed  for  the  same  problem  with  an  isotropic 
plate,  where  (T",  Poisson's  ratio,  is  taken  to  be  0.3,  are  graph- 
ed in  Figtires  5  to  10, 

The  ratios  of  the  stresses  computed  for  points  in  a  Sitka 
spruce  plate  containing  a  rigid  elliptic  disk  (b  z   5a)  to  the 
normal  stress  at  infinity  are  given  in  Tables  VIII  to  X,  These 
ratios  are  graphed  in  Figures  11  to  15, 

The  ratios  of  the  stresses  computed  for  various  points  in 
a  plate  containing  a  rigid  elliptic  disk  (a  =  5b)  to  the  normal 
stress  at  infinity  are  given  in  Tables  XI  and  XII.   These  ratios 
are  graphed  in  Figures  I6  and  17. 

The  ratio  of  the  shear  stress  computed  for  points  along 
the  boundary  of  a  rigid  elliptic  disk  (a  z   10b)  to  the  normal 
stress  at  infinity  are  given  in  Table  XIII.  These  ratios  are 
graphed  in  Flgxire  I8.  We  find  from  equation  (122)  that  the 
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normal  stress  X^  is  ^Akk^S   at  the  point  (x  =  a  z  10b,  O), 

It  i?  Interesting  to  compare  the  stresses  In  a  Sitka  spruce 
plate  containing  a  circular  hole  of  radius  a  obtained  by  Profes- 
sor Smith  and  the  stresses  in  a  Sitka  spruce  plate  containing  a 
rigid  circular  disk  of  radius  a  obtained  here.   Throughout  a 
plate  containing  a  circular  hole  lY  I  is  less  than  0,22S  and 
throughout  a  plate  containing  a  rigid  circular  disk  |Y  I  is 
less  than  O.O^S.   The  maximum  normal  stress  for  a  plate  contain- 
ing a  circular  hole  was  found  to  be  X^  equal  5.34S  at  the  point 
(0,a)  vhile  for  a  plate  containing  a  rigid  circular  disk  the 
maximum  normal  stress  vas  X^^  equal  1,235  at  the  point  (a,0). 
The  maximum  normal  stress  in  the  latter  plate  is  sm.aller  and  lo- 
cated at  a  different  point  than  in  the  former  plate.   In  fact, 
X;j^  is  practically  zero  at  the  point  (0,a)  for  the  plate  contain- 
ing the  rigid  circular  disk.  Comparison  of  the  points  at  which 
the  maximum  shear  stresses  occur  does  not  show  such  a  difference 
in  position.   The  naxim"um  shear  occurs  along  the  boundary  of  the 
disk  and  the  edge  of  the  hole  at  about  77°  and  78°,  respectively. 
At  the  edge  of  the  hole  the  maximum  shear  stress  is  larger  than 
the  maximum  shear  stress  on  the  boundary  of  the  disk.   The  maxi- 
mum shear  stress  on  the  edge  of  the  hole  is  0.7IS  and  on  the 
boundary  of  the  disk  it  is  O.lcS. 

From  these  results,  it  is  probable  that  in  a  plate  contain- 
ing a  circular  disk  or  a  plate  containing  a  circular  hole,  for 
S  sufficiently  large,  fail\ire  in  the  plate  will  occur  approximate- 
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ly  along  the  line  y  i  ±a3ln  77^°  z  i  0.976a-with  the  crack  be- 
ginning at  the  disk  or  hole.  However,  higher  values  of  S  will 
probably  be  required  to  produce  failure  in  the  plate  containing 
the  rigid  circular  disk  than  will  be  required  to  produce  failure 
in  the  plate  containing  the  circular  hole. 

It  should  be  noted  that  the  normal  stress  X^  computed  for 
the  point  (a,0)  increases  as  the  ratio  of  a  to  b  increases.  For 
the  ratio  of  a  to  b  equal  one-f  ifth,  X^^  at  the  point  (a,0)  is 
1.03s  and  for  the  ratio  a  to  b  equal  ten,  X^  at  the  point  (a,0) 
is  JiAhS,     The  absolute  value  of  the  maxiraum  shear  stress  on 
the  boundary  of  the  disk  increases  as  the  ratio  of  a  to  b  in- 
creases, and  for  the  ratio  of  a  to  b  equal  to  or  greater  than 
one,  the  raaximura  shear  stress  occurs  at  smaller  values  of  -G-   as 
the  ratio  increases.   For  the  ratio  a  to  b  equal  one-fifth,  the 
maxiraum  shear  stress  is  approximately  -0.04S  at  -e-  equal  70°, 
while  for  the  ratio  a  to  b  equal  ten,  the  maxiraum  shear  stress 
is  about  oAkS   at  -B-   equal  approximately  2k° , 

On  the  basis  of  this  analysis,  we  conclude  that  a  large 
plain-sawn  Sitka  spruce  plate  containing  a  small  rigid  elliptic 
disk,  such  as  a  knot  or  a  steel  plug,  is  probably  weaker  than 
a  homogeneous  plate  but  stronger  than  a  plate  containing  an  el- 
liptic hole  of  the  same  size.  Further,  the  orientation  of  the 
major  axis  is  important.  We  will  expect  a  plate  containing  a 
rigid  elliptic  disk  with  the  major  axis  perpendicular  to  the 
direction  of  the  grain  to  withstand  higher  values  of  S,  where 
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S  is  the  \iniform  tension  in  the  direction  of  the  grain  applied 
at  the  edges  perpendicular  to  the  £;rain,  without  failure  than 
a  plate  containing  a  rij^^id  elliptic  disk  of  the  same  size  with 
its  major  axis  parallel  to  the  direction  of  the  c^aln.   The 
ratio  of  a  to  b  is  important.  As  the  ratio  increases  the 
raaxiraum  normal  stress  and  the  absolute  value  of  the  maximum 
shear  stress  increase.   Therefore,  ve  expect  a  lar^ie  plate 
containing  a  ri^id  elliptic  disk  vith  the  major  axis  parallel 
to  the  grain  to  withstand  higher  values  of  S  without  failure 
than  a  similar  plate  where  the  ratio  of  a  to  b  is  greater. 


APPEI.TDIX 
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TABLE  I 
ELASTIC  MODULI  OF  SITKA  SPRUCE* 


O^T  0-^6^ 

El  1,679,000  lbs.  per  sq.  in, 

Et  76,000  " 

(4lt  112,000   "    "   "   " 


♦The  elastic  moduli  of  Sitka  spruce  are  aver- 
age values  obtained  from  a  large  n\inber  of  tests 
made  at  the  U,  S.  Forest  Products  Laboratory. 
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TABLE  II 
CONSTANTS  EVALUATED  FOR  SITKA  SPRUCE* 


<^x 

0.0210 

»</e 

0.7449 

e 

2.168 

pi 

1.342 

^^ 

4,700 

p'6' 

I.SO2 

K 

1.^96 

PA 

0.2856 

^ 

1.615 

1  +  6' K^  (Ty^ 

1.257 

K' 

2.608 

€*K'+  <r7x 

12.72 

P 

0.6192 

ytK(£ 

4.501 

^' 

0.3834 

/+€'^'(77» 

1.0378 

Ke 

3.501 

6^/9'+ (T^y 

2 .  266 

v^e^ 

12.26 

/+^e 

2.342 

*The  X  and  y  axes  are  talcen  along  the  L  and  T  axes  of  sym- 
metry, respectively. 


■    TABLE   III 

THE   COnSTANTS   A3    AI,T)  B^   EVALUATED 
FOR   SITIvA   SPKUCE 


bra  0.4035Sa2  -0.l625Sa' 

b  r   5a  ^  2.076Sa2  -l,h^0S&^ 

a  =   5b  3.3689Sb2  -1.450Sb2 

a  =   lOb  ll.Gi^Sb-  -i|.851Sb2 


TABLE   IV 

VALUES   OF  THE  KORJ.IAL  STRESS  COMPONETJTS 
AT  POINTS  ALOriG  THE  ■x-A:<:IS  EXTEF:I0R 
TO  A  RIGID   CIRCULAR.   DISK   OF  RADIUS 
a  WITH  CEICTER  AT  THE  ORIGITJ  FOR 
A   PI^'ilM-SAin;    PLATE 
OF  SITICA  SPRUCE 


X 


S  s 


la    .  .    1.22^3  •♦-0.02 


■( 


2a  1.1857  -0.0001 

Ja  ^       1.1??^  -0.0077 

4a  1.0955  -0.00?6 

5a  1.0699  -0.00?0 
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Ellipse  At  Bt 
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TABLE  V 

VALUES   OF  THE  NORMAL  STRESS   COMPOIJENTS  AT   POIKTS 
ALOIIG  THE  y-AXIS  EXTERIOR   TO  A  RIGID  CIRCULAR 
DISK  OF  RADIUS  a  WITH  CE^rTER  AT  THE   ORIGIN 
FOR  A  PLAIN-SAW   PLATE  OF  SlTtUi  SPRUCE 


Xx 

^7 

7 

S 

s 

l.OOa 

0.010 

+0.0216 

l.lOa 

0.7295 

1.25a 

0.8180 

l«50a 

0.9089 

-0.0033 

2,00a 

0.9601 

-0.0072 

3.00a 

0.9847 

-0.0032 

4.00a 

0.9918  . 

-0.0018 

5.00a 

0.99^9 

-0.0011 

TABLE  VI 

VALUES   OP  THE  SHEAR   STRESS  COI-fPONENT  Xy  AT  POINTS 
ALONG  THE  BOUNDARY  OF  A  RIGID  CIRCULAR  DISK 
OF  PuADIUS   a  WITH  CEI^TER  AT  THE   ORIGIN  FOR 
A  PLAIN-SATO   PLATE  OF  SITKA  SPRUCE 


^ ;J_ 

0°  0 

10°  —0.0004 

20°  -V-0.0010 

30°  +0.0068 

40°  +0.0198 

50°  +0.0442 

60°  +0.0841 

70°  +0.1348 

75°  +0.1525 

So°  +0.1467 

85°  -♦•0.0959 

90°  0 
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TABLE   VII 

VALUES   OF  TIIE  SHEAR  STRESS  C0MP0I3ENT  Xy  AT 
POINTS  ALOKG  THE  LIIvE  x  =   2a  EXTERIOR  TO 
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Figiire  5.-'  Variation  of  the  normal 
stress  component  Xx  at  points  along  the 
x-axls  exterior  to  a  rigid  circular 
disk  of  radius  a  with  center  at  the 
origin  for  a  plain-savn  plate  of  Sitka 
spruce  and  for  an  isotropic  plate. 
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Figure  9. — Variation  of  the  shear  stress 
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Flgiire  11. — Variation  of  the  normal 
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Plgiire  12. — Variation  of  the  normal 
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X-axis  exterior  to  a  rigid  elliptic  disk 
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